2. Review of Vectors and Matrices

VECTORS

1. Definition

For the purposes of this course, a vector is an object which has magnitude and direction. Examples include forces,
electric fields, and the normal to a surface. A vector is often represented pictorially as an arrow and symbolically by an
underlined letter a or using bold type a. Its magnitude is denoted |a| or |a|. There are two special cases of vectors: the
unit vector n has |n| = 1; and the null vector 0 has |0| = 0.

2. Vector Operations
@ Addition

Let a and b be vectors. Then ¢ = a+ b is also a vector. The vector ¢ may be shown

diagramatically by placing arrows representing a and b head to tail, as shown in the figure. ﬁ
@ Multiplication N

1. Multiplication by a scalar. Let a be a vector, and « a scalar. Then b = a a is a vector. The direction of b is
parallel to a and its magnitude is given by |b| = « |a|.
a

Note that you can form a unit vector n which is parallel to a by setting n = Tl

2. Dot Product (also called the scalar product). Let a and b be two vectors. The dot

product of a and b is a scalar denoted by @ = a - b, and is defined by a 9(2.}})
a-b = |a||b|cosf(a,b), "

where 6(a, b) is the angle subtended by a and b. Note thata-b = b - a, and

a-a—|a]®. If|a] # 0 and |b| # 0 then a - b = 0 if and only if cos f(a, b) = 0; i.c. a and b are perpendicular.
3.  Cross Product (also called the vector product). Let a and b be two vectors. The

cross product of a and b is a vector denoted by ¢ = a X b. The direction of ¢ is

perpendicular to a and b, and is chosen so that (a,b,c) form a right handed triad, a &ah)
Fig. 3. The magnitude of ¢ is given by
lc| = |a x b| = |a| |b|sin §(a, b) b

Note thata x b = —b x aanda-(ax b)=b-(ax b) =0.

@ Some useful vector identities
a-(bxc)=b-(cxa)=c-(axb)
ax(bxc)=(a-c)b—(a-b)c
(axb)-(exd)=(a-c)(b-d)—(b-c)(a-d)

3. Cartesian components of vectors

Let (e1,e2,e3) be three mutually perpendicular unit vectors which form a right handed triad, Fig. 4. Then
{e1, ez, e3} are said to form and orthonormal basis. The vectors satisfy

ler] =lexl =les] =1 e xXex=e3, e Xe3=—e; ey xe3=e;
We may express any vector a as a suitable combination of the unit vectors e, €2 and e3. For example, we may write

3
a=aye; +azes + ases = Zaiei
i=1
where (a1, az, as) are scalars, called the components of a in the basis {e1,e2,e3}. The components of a have a simple
physical interpretation. For example, if we evaluate the dot product a - e; we find that



a-e; = (a161 + aszes + (1363) €1 = ap
in view of the properties of the three vectors e;, e; and e3. Recall that
a-e; = |a||e;|cosf(a,e;)

Then, noting that |e;| = 1, we have
ap =a-e; = |alcosf(a,e;)

Thus, a; represents the projected length of the vector a in the direction of eq, as
illustrated in the figure. Similarly, a; and a3 may be shown to represent the projection
of a in the directions e, and e, respectively.

The advantage of representing vectors in a Cartesian basis is that vector addition and multiplication can be expressed as
simple operations on the components of the vectors. For example, let a, b and ¢ be vectors, with components (a1, as, as),
(b1, bs,b3) and (c1, ca, c3), respectively. Then, it is straightforward to show that

c=a+b & co=a;1+b; co=as+by; c3=a3+b3

3
a-b= Zalbl
i=1

c=axb <« CcC1 = a2b3 — a3b2; Cy = a3b1 — a1b3; C3 = a1b2 — a2b1

4. Change of basis

Let a be a vector, and let {e1, e2, €3} be a Cartesian basis. Suppose that the components of a in the basis {e1, ez, €3} are
known to be (a1, as,a3). Now, suppose that we wish to compute the components of a in a second Cartesian basis,
{m;, my, m3}. This means we wish to find components (a1, a2, a3), such that
a= o m; + asmy + azms

To do so, note that

a; =a-mj; =aje; -m; + aze - my + az€z - my

Qy; =a-mp = aje; -Mmy + azes - My + azez - My

a3 =a-mg = aje; -Mmg + azes - m3 + az€3 - Mgy
This transformation is conveniently written as a matrix operation

[o] = Q] [a],
where [a] is a matrix consisting of the components of a in the basis {m;, my, m3}, [a] is a matrix consisting of the
components of a in the basis {e;, e, e3}, and [Q] is a "rotation matrix’ as follows

aq ai mj;-€; 1Inj;-€e 11j-e€e3
[a] = | o [a] = | a2 Q=|my-e my-e; my-e;3
as as m3-e; Ing-e m;3-e;

Note that the elements of [Q] have a simple physical interpretation. For example, m; - €; = cos#(my;,e;), where
0(my, ;1) is the angle between the m; and e; axes. Similarly m; - €2 = cos6(my, e3) where §(m;, ey) is the angle
between the m; and e, axes. In practice, we usually know the angles between the axes that make up the two bases, so it
is simplest to assemble the elements of [Q] by putting the cosines of the known angles in the appropriate places.

Index notation provides another convenient way to write this transformation:
a; = Qijaj, Qij = €; -1,
You don’t need to know index notation in detail to understand this — all you need to know is that

3
Qia; =) Quay
=1

The same approach may be used to find an expression for a; in terms of c;. If you work through the details, you will find
that

ai m;-€ mjp-€ Imj3-e€ oy
az = |m;-€ mmp-€ Imj-e a3
as m;-€; mj-€3 Imj-es as

Comparing this result with the formula for o; in terms of a;, we see that



_ T
[a] = (@] [a]
where the superscript T denotes the transpose (rows and columns interchanged). The transformation matrix [Q] is
therefore orthogonal, and satisfies

where [/] is the identity matrix.

5. Useful vector operations

@ Calculating areas
The area of a triangle bounded by vectors a, b,and b-a is
A= Tlaxb| b s

The area of the parallelogram shown in the picture is 24. 9

@ Calculating angles
The angle between two vectors a and b is

6 = cos ! (a-b/|a||bl)

@ Calculating the normal to a surface.
If two vectors a and b can be found which are known to lie in the surface, then the unit normal to the surface is
axb
laxb|

If the surface is specified by a parametric equation of the form r = r(s,t), where s and ¢ are two parameters and

r is the position vector of a point on the surface, then two vectors which lie in the plane may be computed from
or __or

s ot

n—

a—

® Calculating Volumes
The volume of the parallelopiped defined by three vectors a, b, ¢ is
V=|c-(axDb)
The volume of the tetrahedron shown outlined in red is V/6. c

VECTOR FIELDS AND VECTOR CALCULUS

1. Scalar field.

Let {ej, ez, es} be a Cartesian basis with origin O in three dimensional space. Let

r = r1€e; + Tyey + Tr3es
denote the position vector of a point in space. A scalar field is a scalar valued function of position in space. A scalar
field is a function of the components of the position vector, and so may be expressed as ¢(zy, 2, z3). The value of ¢ at a
particular point in space must be independent of the choice of basis vectors. A scalar field may be a function of time (and
possibly other parameters) as well as position in space.

2. Vector field

Let {ej, ez, e3} be a Cartesian basis with origin O in three dimensional space. Let
r = ri1€] + Toey + T3€3

denote the position vector of a point in space. A vector field is a vector valued function of position in space. A vector
field is a function of the components of the position vector, and so may be expressed as v(z1, z2,23). The vector may
also be expressed as components in the basis {e1, ez, e3}

V($1, $2,$3) = v1($1, 2, Cﬂs)el + 02(181,932, 503)62 + U3(CE1,$2, :1:3)e3
The magnitude and direction of v at a particular point in space is independent of the choice of basis vectors. A vector
field may be a function of time (and possibly other parameters) as well as position in space.



3. Change of basis for scalar fields.
Let {e1,eq,e3} be a Cartesian basis with origin O in three dimensional
space. Express the position vector of a point relative to O in {ey, €2, €3} as
r = 1€ + Taey + T3€e3
and let ¢(z1, 3, z3) be a scalar field.
Let {m;,my,m3} be a second Cartesian basis, with origin P. Let
_>

¢ = OP denote the position vector of P relative to O. Express the position
vector of a point relative to P in {m;, my, m3} as

p =&m; + Smy 4 E3mg

To find ¢(&1,&a,&3) , use the following procedure. First, express p as components in the basis {e1, eq, es}, using the
procedure outlined in Section 1.4:

P = pi1e1 + p2e2 + p3ey
where

p1 =&ier -my + &rey - my + E3e3 - My
p2 = 1€ - my + &oey - my + E3€3 - my
p3 = &1€1 - m3 + €2 - m3 + §3€3 - M3
i = Qij&;
where the transformation matrix @);; is defined in Sect 1.4.

Now, express ¢ as components in {e1, €3, €3}, and note that
r=p-+c

or, using index notation

= z1€1 + T2e2 + T3€e3 = p1e; + paez + p3es + cie1 + caez + c3es
=T =p1+c, T2=p2t+c, T3=p3+c3
=z = Qi tci
so that
d(z1, 2, 23) = ¢(p1 + 1,2 + c2,03 + C3)

= ¢(Quj&; + c1, Q2;&; + c2, Q3565 + ¢3)

4. Change of basis for vector fields.
Let {e1,eq,e3} be a Cartesian basis with origin O in three dimensional
space. Express the position vector of a point relative to O in {e1, €2, €3} as
r = I1€; + Ty€ey + x3€3
and let v(z1, g, z3) be a vector field, with components

v(z1, 22, 23) = v1 (1, T2, 23)€1 + U2(€B1,$2,£?;)ez + v3(@1, 2, x3)€3

Let {m;, my, m3} be a second Cartesian basis, with origin P. Let ¢ = OP denote the position vector of P relative to O.
Express the position vector of a point relative to P in {m;, my, m3} as
p =&m; + {my + E3myg

To express the vector field as components in {m;, my, m3} and as a function of the components of p, use the following
procedure. First, express (v1,v2,vs) in terms of (&1, &2, €3) using the procedure outlined for scalar fields in the preceding
section

v (21, T2, 3) = vE(P1 + €1,P2 + €2, 3 + C3)
= v(Q1&5 + c1, Q2;&; + c2, Q3;€5 + ¢3)

for k=1,2,3. Now, find the components of v in {m;, my, m3} using the procedure outlined in Section 1.4. Using index
notation, the result is

v = Quivi(Q1;&5 + c1, Q25&5 + ¢2, Q3;€; + c3)er
+ Q20 (Q;&5 + c1, Q255 + c2, Q35 + c3)er
+ Q2iv; (Q5&5 + c1, Q25 + c2, Q35 + c3)es

5. Time derivatives of vectors



Let a(z) be a vector whose magnitude and direction vary with time, ¢#. Suppose that {i,j,k} is a fixed basis, i.e.
independent of time. We may express a(?) in terms of components (a,, ay, a) in the basis {i, j, k} as

a(t) = azi+ ayj + ak.
The time derivative of a is defined using the usual rules of calculus

é(t) _ %a(t) _ élg(l) a(t+€€) a(t) ,

or in component form as

a(t) = azi+a,j+a.k
The definition of the time derivative of a vector may be used to show the following rules

2a(t)a(t)] = a(t)a(t) + a(t)a(t)

41a(t)-b(®)] = 4(t) - b(t) + a(t) - b()

4a(t) x b(t)] = a(t) x b(t) + a(t) x b(t)

6. Using a rotating basis

It is often convenient to express position vectors as components in a basis which rotates with time. To write equations of
motion one must evaluate time derivatives of rotating vectors.

Let {e1, €2, €3} be a basis which rotates with instantaneous angular velocity €. Then,

de; de; de3
W—QXEl, W—QXGQ, at —ﬂxeg

7. Gradient of a scalar field.

Let ¢ be a scalar field in three dimensional space. The gradient of ¢ is a vector field denoted by grad(¢) or V¢, and is
defined so that
(V(,b) .a=lim P(r+e 2)745(1')
€0
for every position r in space and for every vector a.

Let {e1,e2,e3} be a Cartesian basis with origin O in three dimensional space. Let

r = T1€; + Ta€y + T3€e3
denote the position vector of a point in space. Express ¢ as a function of the components of r ¢ = ¢(x1, z2,23). The
gradient of ¢ in this basis is then given by

2] op 2]
Vo= et g2t 5, e
8. Gradient of a vector field

Let v be a vector field in three dimensional space. The gradient of v is a tensor field denoted by grad(v) or Vv, and is
defined so that
v(r+€a)—v(r)

=

(Vv)-a=lim

€—0
for every position r in space and for every vector a.

Let {ej, ez, €3} be a Cartesian basis with origin O in three dimensional space. Let
r = I1€e; + Tges + T3€e3
denote the position vector of a point in space. Express v as a function of the components of 1, so that v = v(z1, 22, x3).
The gradient of v in this basis is then given by
o Ou On
Oz Owy Oy
vy Ovp Oy
Oz Oy Oy
Ovs  Ovg  Ous

Oz Oz, Oy

Vv =

Alternatively, in index notation

[vv]ij =

9. Divergence of a vector field

Let v be a vector field in three dimensional space. The divergence of v is a scalar field denoted by div(v) or V - v.
Formally, it is defined as trace(grad(v)) (the trace of a tensor is the sum of its diagonal terms).



Let {e1, ez, €3} be a Cartesian basis with origin O in three dimensional space. Let

r =2x1€; + Taey + T3es3
denote the position vector of a point in space. Express v as a function of the components of r: v = v(z1, z2,z3). The
divergence of v is then

. _ ou Ovy Ovs
dlv(v)_(’)zl + [0 + Oz3

10. Curl of a vector field.

Let v be a vector field in three dimensional space. The curl of v is a vector field denoted by curl(v) or V x v. It is best
defined in terms of its components in a given basis, although its magnitude and direction are not dependent on the choice
of basis.

Let {e1, ey, e3} be a Cartesian basis with origin O in three dimensional space. Let
I = T1€] + Ta€y + T3€e3
denote the position vector of a point in space. Express v as a function of the components of r v = v(z1, z2,z3). The
curl of v in this basis is then given by
€ € €3
Vxvo|d E | (Z o )e ot (2o (2 )

Oz, Oy oz, Oxy

U1 V2 U3

Using index notation, this may be expressed as
Ovy,
u;

[V > v]; =€iji

11. The Divergence Theorem.

Let 7 be a closed region in three dimensional space, bounded by an orientable
surface S. Let n denote the unit vector normal to S, taken so that n points out of
V. Let u be a vector field which is continuous and has continuous first partial
derivatives in some domain containing T. Then

/div(u)dV:S/u~ndA

14
alternatively, expressed in index notation

833'1'
14 S

For a proof of this extremely useful theorem consult e.g. Kreyzig, Advanced Engineering Mathematics, Wiley, New York,
(1998).

MATRICES
1. Definition

An (n x m) matrix [A] is a set of numbers, arranged in m rows and n columns

a11 A12 i3 - Gin

az1 Qg2 Q23 - Q2
[4] =

Aml Am2 Am3 *°° Amp

@ A square matrix has equal numbers of rows and columns

@ A diagonal matrix is a square matrix with elements such that a;; = 0 for s # j

@ The identity matrix [I] is a diagonal matrix for which all diagonal elements a; = 1
@ A symmetric matrix is a square matrix with elements such that a;; = aj;

@ A skew symmetric matrix is a square matrix with elements such that a;; = —aj;

2. Matrix operations



® Addition Let [A] and [B] be two matrices of order (m x n) with elements a;; and b;;. Then
[C] = [A] + [B] & ¢ij = aij + by

@ Multiplication by a scalar. Let [A] be a matrix with elements a;;, and let k be a scalar. Then

® Multiplication by a matrix. Let [A] be a matrix of order (m x n) with elements a;;, and let [B] be a matrix of order
(p x ¢) with elements b;;. The product [C] = [A] [B] is defined only if n=p, and is an (m X ¢) matrix such that

[C] = [A][B] & cij = > ainbi
k=1
Note that multiplication is distributive and associative, but not commutative, i.e.
[A]([B] + [C]) = [A] [B] + [A] [C]  [A]([B][C]) = ([A][B])[C]  [A][B] # [B][4]
The multiplication of a vector by a matrix is a particularly important operation. Let b and ¢ be two vectors with n
components, which we think of as (1 x n) matrices. Let [A] be an (m x n) matrix. Thus

-bl T C1
ail ai2 aig --- QAip
by co
a1 G2 Q23 --- A2p
aml Am2 Am3 *** Qmn
L by L Cn
Now,
n
Cc = [A]b < C = E aijbj
Jj=1
ie.
c1 = anby + apbs +aizbs + -+ apby
¢y = ag by + agbs + aszbs + -+ anby
Cm = amlbl + am2b2 + am3b3 + .- amnbn

® Transpose. Let [A] be a matrix of order (m X n) with elements a;;. The transpose of [A] is denoted [A]T. If [B] is an
(n x m) matrix such that [B] = [A]”, then b = aji, i.e.

T
ailp a1z aiz --- Aaip ailp a21 asr --° Aapl
a1 G22 Q23 --- A2p ai2 G2 G32 °°° Ap2
T
e =
aml Am2 Am3 - Gmp A1m A2m QA3m - Gpm

Note that

® Determinant The determinant is defined only for a square matrix. Let [A] be a (2 x 2) matrix with components a;;.
The determinant of [A] is denoted by det [A] or |A| and is given by

Al =@ Gz
|A| = = Q11022 — Q12021

a1 Q22
Now, let [A] be an (n x n) matrix. Define the minors M;; of [A] as the determinant formed by omitting the ith row and
Jjth column of [A]. For example, the minors Mi; and M, for a (3 x 3) matrix are computed as follows. Let

ail a2 ais

[A] = | az1 a2 asx
azy asz ass
Then
a2 a9y azi a23
My = = agoa33 — Q32023 Mis = = a21033 — 31023
ass ass as1 aszs

Define the cofactors C;j of [A] as
Cij = (-1)"7 My

Then, the determinant of the (n x n) matrix [A] is computed as follows



n
Al =) ai;Cy
j=1
The result is the same whichever row i is chosen for the expansion. For the particular case of a (3 x 3) matrix
a1 a2 Qi3
det [A] =det | a1 az a3 | = a11(a22a33 - a23a32) + a12(a23a31 - CL21(133) + a13(a21a32 - a31a22)

asr as2 ass
The determinant may also be evaluated by summing over rows, i.e.

n
Al = a;;Cy
i=1
and as before the result is the same for each choice of column ;. Finally, note that

det [A]T = det[A]  det ([A][B]) = det [A] det [B]

@ Inversion. Let [A] be an (n X n) matrix. The inverse of [A] is denoted by [A] ' and is defined such that
-1
[A] [A] =[]
The inverse of [A] exists if and only if det [A] # 0. A matrix which has no inverse is said to be singular. The inverse of
a matrix may be computed explicitly, by forming the cofactor matrix [C] with components ¢;; as defined in the preceding
section. Then

A7 = e

det[A]
In practice, it is faster to compute the inverse of a matrix using methods such as Gaussian elimination.

Note that

For a diagonal matrix, the inverse is

ail 0 0 .- 0 1/(111 0 0 .-+ 0

0 ag9 0 .- 0 0 1/a220 -+ 0
4] = -

0 0 0 - apy 0 0 0 -+ 1/ap,

For a (2 x 2) matrix, the inverse is
air a2 | 1 azy  — Q12
as as a11@22—0a12021 —a9 ail
® Eigenvalues and eigenvectors. Let [A] be an (n X n) matrix, with coefficients a;;. Consider the vector equation
[A]x = Xx )

where x is a vector with n components, and A is a scalar (which may be complex). The n nonzero vectors x and
corresponding scalars A which satisfy this equation are the eigenvectors and eigenvalues of [A].

Formally, eighenvalues and eigenvectors may be computed as follows. Rearrange the preceding equation to
([A] = Al)x=0 ¢)
This has nontrivial solutions for x only if the determinant of the matrix ([A] — A [I]) vanishes. The equation
det ([A] — A[1]) = 0
is an nth order polynomial which may be solved for A. In general the polynomial will have n roots, which may be
complex. The eigenvectors may then be computed using equation (2). For example, a (2 X 2) matrix generally has two
eigenvectors, which satisfy

|A— M| =

a1 — A ap

‘ = (a11 — A)(a22 — A) —aipaz =0
@ ax — A

Solve the quadratic equation to see that

1 1 2 1/2
A1 = 5 (a1 + az) — 5{(011 + agn)” —4(a11a02 — a12a21)}

1 1 2 1/2
A2 = 5(1111 + a22) + 5{(a11 + azz) — 4(a11a22 — a12a21)}

The two corresponding eigenvectors may be computed from (2), which shows that

[au —A a2 } xgl) =0
an  ap —Ail | g0

so that, multiplying out the first row of the matrix (you can use the second row too, if you wish — since we chose A to
make the determinant of the matrix vanish, the two equations have the same solutions. In fact, if a;o = 0, you will need
to do this, because the first equation will simply give 0=0 when trying to solve for one of the eigenvectors)



1/2
(a11 — az) + %{(au =+ 6122)2 —4(anaa — 012(121)} ) wﬁ” =+ a12$;1) =0

N

(

1/2
(é(all —ap) — %{(au +az)’ — 4 (anaxn — a12a21)} ) 2 +apal) =0

which are satisfied by any vector of the form

2(112 T
x() = ) 12 | p
(@11 — ag2) + {(an +a)” —4(ana — a12a21)}
- 21y z
(@11 — ag2) — {(an +a)” —4(anax — a12a21)}

where p and g are arbitrary real numbers.

It is often convenient to normalize eigenvectors so that they have unit "length’. For this purpose, choose p and ¢ so that
x® . x0 =1, (For vectors of dimension n, the generalized dot product is defined such that x - x = Ziﬂ T;T; )

One may calculate explicit expressions for eigenvalues and eigenvectors for any matrix up to order (4 x 4), but the
results are so cumbersome that, except for the (2 x 2) results, they are virtually useless. In practice, numerical values

may be computed using several iterative techniques. Packages like Mathematica, Maple or Matlab make calculations like
this easy.

The eigenvalues of a real symmetric matrix are always real, and its eigenvectors are orthogonal, i.e. the ith and jth
eigenvectors (with ¢ # 7 ) satisfy x( - x4 = 0.

The eigenvalues of a skew symmetric matrix are pure imaginary.

@ Spectral and singular value decomposition. Let [A] be a real symmetric (n X n) matrix. Denote the n (real)
eigenvalues of [A] by ), and let w(®) be the corresponding normalized eigenvectors, such that w(®) - w(? = 1. Then, for

any arbitrary vector b,
[A]b =3 (w(i) : b) wl)
i=1

Let [A] be a diagonal matrix which contains the n eigenvalues of [A] as elements of the diagonal, and let [Q] be a matrix
consisting of the n eigenvectors as columns, i.e.

¥ 2 3) (n)

A O O --- 0 wyt Wyt Wy st Wy

0 X 0 --- 0 w(l) w(2) w(3) . w(n)
=1 Q=1 " ’

0 0o 0 --- A\ wg) wg) wﬁf’) o wff)

Then

Al =1QIMQ" [QQ=[QIQ"=[1 [Q4]Q] =4

Note that this gives another (generally quite useless) way to invert [A]

[A7 = [QI[4] Q"

where [A] ! is easy to compute since [A] is diagonal.

@ Square root of a matrix. Let [A] be a real symmetric (n x n) matrix. Denote the singular value decomposition of

[A] by [A] = [Q] [A4] [Q]" as defined above. SupposT gl]leg[]S] —[k]él]l/ ? denotes the square root of [A], defined so that

One way to compute [S] is through the singular value decomposition of [A]

[S] = [Q1 [4]"*[Q)"

\/X()()...()
0\/50...0

where

4] =



